INTRODUCTION
to actuate in order to drive the entire community. We call those species driver species. We will 1 also study if the impulsive control scheme can be as effective as the continuous control scheme for 2 controlling microbial communities. Indeed, the former is more feasible than the latter, especially 3 for human-associated microbial communities. Finally, we will design the control inputs that should 4 be applied to the identified driver species to drive the whole community towards the desired state. 5 IDENTIFYING DRIVER SPECIES 6 Driver species are characterized by the absence of autonomous elements. To understand when 7 a set of actuated species is a set of driver species, consider a three-species community with the clas-8 sical Generalized Lotka-Volterra (GLV) population dynamics ( Fig. 2a ). This toy community has 9 one control input actuating the third species x 3 . Actuating this species alone creates an autonomous 10 element -namely, a constraint between some species abundances that the control input cannot 11 break, confining the state of the community to a low-dimensional manifold. More precisely, our 12 mathematical formalism reveals that ξ = x 1 x 2 is an autonomous element for this microbial com-13 munity (Example 2 in Supplementary Note 2). Indeed, differentiating ξ with respect to time yields 14ξ = x 1 x 2 (1 − x 3 ) + x 1 x 2 (−1 + x 3 ) ≡ 0, which implies that the state of the community is con-15 strained to the low-dimensional manifold {x ∈ R 3 |x 1 x 2 = x 1 (0)x 2 (0)} for all control inputs ( Fig.   16 2a right). Intuitively, an autonomous element exists because the control input cannot change the 17 abundance of species x 1 without changing the abundance of species x 2 in a predefined way (i.e., 18 x 2 = x 1 (0)x 2 (0)/x 1 ). It is thus impossible to drive the whole community in its three-dimensional 19 state space, implying that x 3 cannot be a driver species for this community. Introducing a second 20 control input actuating species x 1 eliminates this autonomous element by helping the system to 1 jump out of the low-dimensional manifold. Hence, the community can be driven in any direction 2 within its three-dimensional state space (Fig. 2b ). This indicates that {x 1 , x 3 } is a minimal set of 3 driver species for this community. Actually, by using these two driver species we can steer the 4 community to any desired state with positive abundances (Example 6 in Supplementary Note 5).
5
In the general case of N species and M control inputs, we define a set of actuated species 6 as a set of driver species if the corresponding controlled population dynamics {f, g} of the micro-7 bial community lacks autonomous elements. For a given pair {f, g}, the absence of autonomous 8 elements can be mathematically deduced using a formalism based on differential one-forms (Sup-9 plementary Note 2). Indeed, for the continuous control scheme of Eq. (2), the conditions for the 10 absence of autonomous elements are well understood because they define when a system is accessi-11 ble 32 . As a cornerstone concept in nonlinear control theory, accessibility has been instrumental for 12 developing technological advances such as robotics. Since it is more natural to control microbial 13 communities with impulsive control actions, in this paper we extended the study of autonomous 14 elements to the impulsive control systems of Eq. (3). For this, we first introduced a mathematical 15 definition of autonomous elements for impulsive control systems (Definition 3 in Supplementary   16 Note 2). Using this definition, we characterized necessary and sufficient conditions for the absence 17 of autonomous elements in a given controlled population dynamics (Theorem 2 in Supplementary 18 Note 2). continuous and the impulsive control schemes are identical (Remark 2 in Supplementary Note 2). community can have. Mathematically, we describe the class D as containing all base models 1 {f * , g * } such that G f * ,g * = G c , together with all deformations {f, g} of each of those base models.
2
The base models characterize the simplest controlled population dynamics that the community can 3 have. We have chosen them as controlled GLV models with constant susceptibilities:
for i = 1, · · · , N . The base models are parametrized by A = (a ij ) ∈ R N ×N , r = (r i ) ∈ R N , controlled GLV models such that their graph matches G c . As a classical population dynamics 8 model, the GLV model has been applied to microbial communities in lakes, soils, and human 9 bodies 14, 15, 20, 33-39 . Notice that in a microbial community, any species that gets extinct cannot 10 "resurrect" by itself without some external influence such as a transplantation or migration. Eq.
11
(4) is the simplest population dynamics that satisfies this condition in the following sense: it is fying the cardinality of the parameter set θ that is needed to obtain the deformation from the base 20 model. A rather general class of controlled population dynamics can be described by deformations 1 of the base model of Eq. (4), such as
for i = 1, · · · , N . In Eq. (5), the parameters θ i,1 are migration rates from/to neighboring habi-3 tats, θ −1 i,2 are the carrying capacities of the environment, θ −1 i,3 are the Allee constants, and the rest 4 {θ ij,k } 7 k=4 characterize the saturation of the functional responses 40 . Note that θ i,1 > 0 can also 5 model species like C. difficile that sporulate into "inactive" forms and then recover. Note also 6 that "higher-order" interactions can be described as deformations. For example, if species x i is 7 directly affected by species x j and x k , then a deformation can include the third-order interaction
Similarly, deformations allow cases when the susceptibility of the i-th species to j-9 th control input is mediated by the abundance of other species. For example, the deformation 10 g ij (x; θ) = b ij + θ ijk x k models a case when the i-th species is actuated by the j-th control input 11 but its effect is mediated by the abundance of the k-th species.
12
We call the class D structurally accessible if almost all of its base models and almost all 13 of their deformations lack autonomous elements. This means that, except for a zero-measure 14 set of "singularities", all the controlled population dynamics that the community may take have 15 to lack autonomous elements. The conditions under which D is structurally accessible are fully 16 characterized using our mathematical formalism (Supplementary Note 3), and they depend only 17 on the underlying controlled ecological network G c . We first proved that, generically, increasing 18 the size of a deformation cannot create autonomous elements (see Proposition 1 in Supplementary   19 Note 3, and Fig. 2c for an illustration). This result reduces the search for autonomous elements to 20 the deformations in D with minimal size C = 0. That is, to all base models whose graph matches 1 G c . Finally, we proved that D is structurally accessible if and only if G c satisfies the following two 2 conditions: (i) each species is the end-node of a path that starts at a control input node; and (ii) 3 there is a disjoint union of cycles (excluding self-loops) and paths that cover all species nodes (see 4 Theorem 3 of Supplementary Note 3). If these two graph conditions are satisfied, we also call G c 5 structurally accessible.
6
The notion of structural accessibility introduced above is a nonlinear counterpart of the no- work of the community. Therefore, it is possible to find the driver species of a microbial community 10 using an "incomplete" ecological network that only includes some of the ecological interactions 11 (e.g., high-confidence interactions).
12

DRIVING THE DRIVER SPECIES 13
Next we turn to the question of calculating the control signal u(t) that needs to be applied to a 14 set of driver species to drive the whole community towards the desired state. We will show that 15 impulsive control actions can make this calculation easier.
16
Calculating optimal control strategies for microbial communities with known population dy-17 namics. To calculate the impulsive control inputs {u(t k ), t k ∈ T} needed to drive the micro-First, based on the current state of the community x(t k ) at the intervention instant t k ∈ T, we 1 use knowledge of its controlled population dynamics to predict the sequence of statesX k,L = 2 {x(t k+1 ), · · · ,x(t k+L+1 )} that the community will take in response to a sequence of L impulsive 3 control inputs U k,L = {u(t k ), · · · , u(t k+L−1 )}. The prediction horizon L > 0 quantifies how far 4 into the future we predict. We then choose
is the first element of the 5 optimal control input sequence U * k,L calculated by solving the following optimization problem:
Here Ω ⊆ R M ×L is a set that specifies constraints in the control inputs we can use, and J x d is some 
In Controlling the community consists in driving its state from the initial state x 0 to the desired state x d , represented by two points in the state space of the community. c. In the continuous control scheme, the control inputs u(t) are continuous signals modifying the growth of the actuated species. The controlled population dynamics of this community is given bẏ
In the absence of control, this community has two equilibria x 0 = (3.14, 4.58, 1) and x d = (4.57, 4.73, 2) , chosen as the initial and desired states, respectively. d. In the impulsive control scheme, the control inputs u(t) are impulses applied at the intervention instants T = {t 1 , t 2 , · · · }, instantaneously changing the abundance of the actuated species. The controlled population dynamics is the same as in panel c, except thatẋ
Under this controlled population dynamics, our mathematical formalism identifies x 3 as the solo driver species needed to drive this microbial community (Example 1 in Supplementary Note 2). x 3 (t) + u 1 (t) for t ∈ T. With this controlled population dynamics, our mathematical formalism 5 reveals the autonomous element x 1 x 2 that constraints the state of this microbial community to 6 the low-dimensional manifold {x ∈ R 3 |x 1 x 2 = x 1 (0)x 2 (0)} (gray) for all control inputs. Five state 7 trajectories (in colors) with random control inputs illustrate this fact. Hence, {x 3 } alone cannot be 8 a set of driver species for this controlled population dynamics. b. Including a second control input 9 u 2 (t) actuating x 1 (i.e., x 1 (t + ) = x 1 (t) + u 2 (t) for t ∈ T) eliminates the autonomous element, since 10 the state of the microbial community (colors) can explore a three-dimensional space (gray). Hence 11 {x 1 , x 3 } is a minimal set of driver species for this community with GLV dynamics. c. We proved 12 that, generically, increasing the complexity of the controlled population dynamics cannot create 13 autonomous elements. In this example, increasing the deformation size C from the GLV in panel a 14 (with C = 0) to the controlled population dynamics in Fig.1 (with C > 0) eliminates the autonomous 15 element that was present by actuating x 3 alone (Example 1 in Supplementary Note 2). Therefore, 16 increasing the complexity of the population dynamics makes {x 3 } a solo driver species. connectivity c = 0.03. We used our framework to identify a minimal set of M = 6 driver species. 5 The desired state is chosen as x d = (1, · · · , 1) . b. We randomly set the initial abundance and cycles (green) covering all species nodes. Refer to Table 1 in Supplementary Note 7 for the 7 species name. The controlled population dynamics of both microbial communities were simulated 8 using the cGLV equations (see Supplementary Note 7 for details). The intrinsic growth rates 9 were adjusted such that the community has an initial "diseased" equilibrium state x 0 in which one 10 species (C. difficile for the mice gut microbiota) is overabundant compared to the rest of species. 11 We chose the desired state x d as another equilibrium with a more balanced abundance profile. c, e.
12
Control actions obtained using the linear MPC for the impulsive and continuous control schemes.
13 d, f. Projection of the high-dimensional abundance profiles (states of the microbial communities) 14 into their first three principal components (PCs). See Supplementary Fig.S1 for the temporal 15 response of each species. The calculated control strategies applied to the driver species succeed 16 in driving the community to the desired state, using either continuous or impulsive control. 17 
